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Gravity-Model Errors in Mobile Inertial-Navigation Systems

B. A. Kriegsman* and K. B. Mahart
The Charles Stark Draper Laboratory, Inc., Cambridge, Massachusetls

A high-accuracy inertial-navigation system (INS) is to be used to navigate a land-mobile vehicle travelling at
about 30 knots, over time periods of 2-4 h or less. Important sources of navigation error are the errors in model-
ing the anomalous gravity forces acting on the vehicle. To obtain acceptable performance, the INS must be ac-
curately compensated in real time for the anomalous gravity. A significant reduction in the growth of nﬁvigation
errors can be obtained by stopping the vehiclé periodically and processing zero-velocity updates in an on-board
navigation filter. The land-navigation system design considerations that éffect the growth of navigation error
due to the gravity-model errors are examined here. These include the grid-spacing of the data base used to derive
the real-time gravity compensation, the use of odometer and zero-sideslip measurement data for in-transit INS
updating, and the frequency and accuracy of the at-rest zero-velocity updates which are the key to high-accuracy

land navigation.

Introduction

HERE has been considerable interest recently in the use
» of an inertial-navigation system (INS) for high-accuracy
navigation of land-mobile vehicles, e.g., of the order of 0.1
n.mi./h or better. An important reason for this is that one of
the inethods currently under study for the deployment of small
intercontinental ballistic missiles (SICBMSs) involves the use of
land-mobile vehicles traveling over the operational areas of in-
terest. The self-contained nature of inertial-navigation systems
and their immunity to enemy jamming make them extremely
attractive as land-mobile vehicle navigation systems.. The
focus in this paper is on land-mobile vehicle navigation for
time periods of a few hours or less. An INS used for land
navigation will develop position errors that increase with the
travel time of the vehicle. Improving the accuracy of the iner-
tial instruments will control the growth of position errors to
some extent. Ultimately, however, the growth of INS errors is
limited by gravitational forces acting on the vehicle, which are
not modeled correctly in the navigation software.

There are several different ways for coping with the
undesirable effects of gravity modeling errors. The simplest
way conceptually is to stop the vehicle periodically at
presurveyed benchmarks (PBMs) at which the navigation-
system position and gravity-model error estimates can be reset
and, if necessary, the inertial measurement unit (IMU) can be
realigned physically or its alignment-error estimates can be up-
dated. Economic and operational considerations relating to
the data-collection process, however, make it désirable to limit
the required number of PBM:s to as small a value as possible.

A better scheme for controlling navigation-error growth,
which has been employed for many years in inertial surveying
systems, is through the usé of zero-velocity updates
(ZUPTs).)* Here the vehicle stops peridically for a few
minutes, during which time ZUPTs are processed in an on-
board filter to update the estimates of vehicle position, IMU
alignment, and other INS errors. The effectiveness of this
schéme depends on how-well the velocity errors measured by
the ZUPTs correlate with the other errors being estimated in
the filter. This in turn is a function of the random errors in the
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INS, the correlation-distance parameter of the gravity-model
errors, and the vehicle operational scenario itself.

Commercial inertial surveying systems'? have achieved ex-
tremely high accuracies using ZUPTs -alone. An important
reason for this is that the ZUPTs are typically taken at an ex-
tremely high rate, e.g., every 5-10 min or less. In addition, by
carefully planning the survey missions to take advantage of
repetitive tracks and closed traverses, the system performance
is enhanced. The use of post-mission smoothing of the re-
corded data helps still further. . . ‘

In the problem under consideration here, an important ob-
jective is to minimize the frequency of stops required for
ZUPTs during the travel of the vehicle to its destination point.
Stopping every 5-10 min or less for ZUPTs, as is done in cur-
rent inertial surveying systems, is clearly undesirable. Under
these conditions, the use of other types of navigation informa-
tion, such as real-time gravity-model compensation or
odometer-derived ground velocity, neéds to be considered as a
mears of obtaining the desired navigational accuracies.

This paper is primarily concerned with the effects of
gravity-model errors on the performance of the INS for a
land-mobile vehicle. The major emphasis is on the use of
ZUPTs to contain INS errors so that the number of stops re-
quired at survey points (PBMs) is kept to a rinimum.
Methods are examined for reducing the sensitivity of INS per- -
formanee to the gravity-model errors by updating the INS in-
transit, using odometer-derived speed and zero-sideslip
measurements, and by appropriately controlling the travel
scenario of the vehicle.

Gravity Model Errors
The land-navigation system INS basically solves for vehicle

position r and ground velocity v by mechanizing a set of equa-
tions equivalent to>-

V=5+g—(Wpn +2Wg) XV 1)
F=v—wgy XF )

where s is the specific force acting on the vehicle as measured
by the INS accelerometers, w;g the Earth’s angular rotation
rate, and wgy is the computed angular velocity of the naviga-
tion frame with respect to the Earth. The ndvigation frame is
the computational frame in which the above equations are im-
plemented. The quantity g is the compuited plumb-bob gravity
force acting on the vehicle, anid contains both mass-attraction
and centripetal components.
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The particular quantity of interest here is the gravity-model
error (8g), which is the difference between the true gravity at
the point of interest g and the computer-modeled gravity g,
i.e.,

og=gr—8 €)]

For navigation-system performance analysis, it is most con-
venient to utilize statistical representations for the gravity-
model error, preferably ones that can be cast in the state-space
format of linear differential equations driven by white-noise
processes. !! Many different models have been proposed, rang-
ing from the simple first-order Markov. models described in
early studies,’? the second-order Markov models used in
subsequent studies,’>'® and the third-order Markov models
most widely used at the present time.”%13:14.17

For the particular application of interest here, i.e., the-

deployment of SICBMs from a land-mobile vehicle, an ex-
tremely accurate INS is required. Under these conditions, very
accurate real-time compensation of gravity is also required.
To- generate a statistical model for the post-compensation
residuals, the techniques developed by Harriman'® will be
used. .

The above method assumes a grid of gravity measurement
data is available in the region of interest. A statistical
spherical-harmonics model such as the one by Tscherning and
Rapp,?® with suitably adjusted coefficients, is used to repre-
sent the local field. The residual-model omission errors are
then computed, as described in Ref. 16, under the assumption
that only those components of anomalous gravity with
wavelengths greater than twice the gravity-measurement data
grid spacing are compensated for in the model.

The output data from the Harriman model are the power
spectral densities of the along-track and cross-track deflection
residuals as functions of spherical-harmonic wavenumber. For
use in the analysis of INS performance, on the other hand, it is
more convenient to work with frequency or time-domain
models. If the vehicle speed is constant or slowly varying, then
the required conversions are easily implemented.

The result is that the deflection residuals can be reasonably
well approximated by passing white-noise processes through
second-order shaping filters. Since there is no cross-
correlation between the cross-track and along-track gravity-
model errors, independent upcoupled processes can be used.
The shaping filter transfer function is given by

al - @
. PHwWHQRip/we)+1

where x; and x, are the filter input and output, respectively, ¢
is the filter damping ratio, and p the operation of differentia-
- tion ‘with respect to time. The quantity w, is the undamped
natural frequency for the model. The value of w; is related to
the speed of the vehicle (v), which is assumed essentially cons-
tant, by the relation '

W0=kv/rE (5)

where k is the maximum wavenumber in the compensated
disturbance model, and rg is the radius of the Earth. The spec-
tral density of the white-noise process driving the shaping
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filter is given by
q* =450/ wy ®

where o, is the rms value of the vertical-deflection residual
provided by the second-order filter.

The assumed parameter values for the models of the post-
compensation gravity-model errors experienced by the INS are
summarized in Table 1. Two different parameter sets are
shown, corresponding to medium-accuracy and high-accuracy
gravity compensations. These particular models include both
the commission and omission errors.'® The rms values for the
commission errors are much less than those for the omission
€errors.

A set of power-spectral-density (PSD) curves for the post-
compensation gravity-model errors based on the above model
is given in Fig. 1 for a 5-n.mi. gravity data grid separation and
a vehicle speed of 30 knots. The units for the PSDs are
pg?/rad/s. The PSDs are plotted against frequency, normaliz-
ed to the undamped INS Schuler frequency (w,), whose
period is about 84 min (0.00125 rad/s)."

The rms vertical deflections for the particular grid spacing
used in Fig. 1 are about 4 mgals (0.8 arcsec) each. The PSDs
for the two components, however, as can be seen, are
significantly different. It is' important to recognize that
although the cross-track and along-track deflection PSDs and
autocorrelation functions are independent of the vehicle track
direction, they are not necessarily equal to each other.!416:17
For the particular vehicle speed of 30 knots assumed in Fig. 1,
the model undamped natural frequency (w,) is about 0.0053
rad/s, which is about a factor of 4 higher than the INS reso-
nant frequency. Decreasing the vehicle speed to about 7-8

21000

PSD (mgal2/rad/sec)

ALONG-TRACK

CROSS-TRACK
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Fig. 1 PSDs of post-compensation gravity-model errors experienced
by INS moving at 30 knots.

Table 1 Gravity-model-error parameters?®

rms deflections,

ug Damping ratio
Quality of Data grid Maximum Along Cross Along Cross
compensation spacing wavenumber track track track track
High accuracy 5 n.mi. 2200 3.8 4.0 0.15 1.0
Modest accuracy 15 n.mi. 700 18.2 19.1 0.15 1.0

3Model based on Harriman methole; second-order shaping filters used to generate frequéncy
and time domain models; models represent post-compensation residuals.
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“Table 2 Study-model IMU

Error source rms value -
Gyro drift bias 0.0015 d/h
Random-walk angle 0.0005 d/~h

Random-walk rate 0.0001 d/h/vh

Acceleromgter bias 10 pgs’
Accelerometer scale factor 10 ppm
Accelerometer random walk 1 ug/vh
Azimuth alignment 3 mrad

1 mrad/axis

Level alignment

knots in the above model would place the undamped natural
frequency (w,) for the deflections close to the INS resonant
frequency (w,). This could lead to an increased sensitivity of
* INS errors to grav1ty-model erTors.

INS Performance Model

A relatively simple IMU performance model is utilized in
. the study of this paper. A glmballed IMU is assumed, with a
psi-angle formulation®!? of the standard INS error equations.
Included as state elements in the dynamlcs model are the er-
rors in vehicle position, vehicle velocity, IMU alignment, gyro
drift bias, accelerometer bias, and accelerometer scale factor.
Other IMU errors modeled are the gyro random-walk errors in
both.angle and rate, along with a random-walk error in ac-
celeration. The gravity-model errors driving the INS, as noted
earlier, are represented by the Harriman model. 16

The performance-model parameters for the assumed INS
are given in Table 2. The model is intended to be a generic
model for a high-accuracy INS. The indicated numbers were
arbitrarily chosen and do not reflect any particular set of gyros
and accelerometers.

Zero-Velocity Updates

An undamped INS used as a land-navigation system with no
external updates will develop position errors that increase with
time, due to error sources such as gyro drift bias and gravity-
model errors. These" effects are discussed in the litera-
ture. %210 One technique that has been found to be extremely
effective in controlhng the growth of position errors in land-
based inertial surveying systems is the use of zero-velocity up-
dates or ZUPTs. Detailed discussions of the use of ZUPT:s for
inertial survey systems can be found in several publications.

The_ use of ZUPTs is essential to contain the growth of
navigation errors in the mobile inertial-navigation system ap-
plication of interest here. For this reason, a brief descriptioii
of ZUPTs and the way they might be used for land-navigation
system updating is given next.

The basic ZUPTing concept is extremely simple. The land-
mobile vehicle is stopped periodically for a short time interval
of 2-3 min or less. During this period, measurernents are taken
of INS-indicated at-rest ground velocity of the vehicle (ideally
zéro). These measurements are then processed in a minimum
variance filter'! on board the vehicle to obtain up-to-date
estimates of vehicle position, velocity, IMU-alignment errors,
and other quantities of interest included as navigation filter
states. To facilitate the real-time processing of the INS-
indicated velocity data, it is desirable to prefilter s’egments of
data first, then process the smoothed velocity estimates in the
on-board filter.

The ability of the ZUPTs to improve navigation-system per-
formance depends primarily on the cross-correlations between
the observed velocity errors and the other quantities for which
estimates are desired, e.g., vehicle position and IMU-

alignment errors. If the dominant INS errors are bias-type er-

rors, then the correlations will tend to be strong, and the
ZUPTs will be very effective. If, on the other hand, the
primary INS errors are time-varying in nature, e.g., gravity-
model or gyro random-walk errors, then the correlations will
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be weaker and the ZUPTs will be less effective. Decreasing the

time period between vehicle stoppings for ZUPTs would, of

course, help in the latter case, but this is not a desxrable
solution.

Itis 1mportant to recognize that the filter weights used in the
processing of the ZUPTs are determined by the statistical
models provided for the errors of the INS in the on-board
filter. Accurate models are essential to most effectively pro-
cess the ZUPTs, particularly where the desired estimates are
being derived through cross-correlations rather than by direct
observations. The studies of this paper assume a smart filter
with correct statistical models for all INS and other error
sources.

It should also be pointed out that vehicle vibrations sensed
by the IMU during the ZUPTing period can introduce signifi-
cant errors into the ZUPT measurements. To circumvent this
problem, the observations must be taken over a sufficiently
long time period to smooth out the effects of the vibrations as
far as possible. The studies of this paper assume that the raw
INS data are prefiltered for a 1-min interval prior to incor-
poration into. the land-navigation filter. The error in the
smoothed ZUPTs is assumed to be zero-mean Gaussian noise

" with an rms value of 0.01 ft/s.

System Performance Studies
General Information

To provide more specific insights into the effects of gravity-
model errors on mobile inertial navigation systems, the results
from some land-navigation studies performed at The Charles
Stark Draper Laboratory are presented next. The data to be
shown are rms estimation errors computed from hnear-
covariance simulation runs. ,

Consistent with the objective of obtaining a basic
understanding of the effects of gravity-model errors in a land-
mobile INS, an extremely simple mission scenario has been
assumed for this study. The vehicle starts at a survey point
(PBM) located at a latitude of 45 deg. Vehicle position, veloc-
ity, and gravity disturbances are assumed to be known without
error at this point. A single-position leveling and gyrocom-
passing procedure then takes place for a 20-min interval to
realign the INS, with the vehicle remaining at the survey point.
The inputs to the navigation filter during this period are the
preflitered ZUPTs (0.01 ft/s tms error) at 1-min intervals.

The vehicle then travels in an easterly direction to the
scenario end point, which is an unsurveyed point located
about 120 n.mi. from the starting point. The nominal transit
speed for the vehicle is 30 knots (50 ft/s). During the period of
travel, the vehicle is permitted to stop periodically to take
ZUPTs to be used to update the INS. The vehicle stopping in-
tervals are typically of the order of 2-3 min. '

To keep the scope of this study within reasonable bounds, it
is assumed that the vertical channel of the INS is operated at
all times with essentially no errors present. This implies opera-
tionally that the INS is updated continuously in real time, us-
ing terrain-elevation information (or its equivalent) from a
data base stored in the vehicle.

IMU Errors Alone

As a starting point, it is useful to examine the performance
of the study-model INS for the case where no grav1ty—mode1
errors are present. The INS performance model is as in Table
2, and the scenario is as described in the preceding section for
a vehicle transit speed of 30 knots.

The rms position errors over a 4-h interval with no enroute
vehicle stops are shown in Fig. 2. Gyro drift bias and random-
walk errors, as expected, contribute to the divergerit growth of
position errors over the interval of interest. When vehicle
stops are permitted, e.g., at 30-min intervals, and ZUPTs are
processed to update the INS state vector, then a significant im-
provement in long-term position-error growth is obtained.
This is indicated,in Fig.-3. Two factors contribute to the re-
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duced position-error growth: the resetting of the velocity er-
rors at the ZUPT times to small values, and the cross-
correlation between the ZUPT-indicated velocity errors and
the current INS position errors. Stopping the vehicle more fre-
quently than indicated in Fig. 3, e.g., every 10 min, will fur-
ther reduce the rate of error growth, but at the expense of ex-
tended mission duration.
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Fig. 2 IMU errors alone, no ZUPTs.
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b) Odometer and zero-sideslip updates (1 fps rms error).

Fig. 4 Gravity-model errors alone, mo ZUPTs, high-accuracy
compensation.
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Gravity-Model Errors Alone

The effects of gravity-model errors on INS performance
during the land-navigation phase are examined here for the
case where the gravity-model error is the only error source
driving the INS. All inertial instrument errors are assumed to
have zero values. The particular representations used for the
gravity-model errors are as indicated in Table 1.

The rms position errors are shown in Fig. 4 for a case where
the gravitational forces on the vehicle are compensated very
accurately (5-n.mi. data grid). The vehicle transit speed is 30
knots and no ZUPTs are taken. For these particular condi-
tions, the gravity-disturbance model’s undamped natural fre-
quency (w,) is 0.0053 rad/s, which is about four times higher
than the Schuler frequency (w,) of 0.0012 rad/s of the un-
damped INS. Under these conditions, it is not surprising that
the position-error components of Fig. 4 are unequal, even
though the rms deflection components (as in Table 1) are not
significantly different. The difference in the low-frequency
PSDs [given by Eq. (6)] for the deflection components con-
tribute to the position-error differences.

Decreasing the vehicle transit speed to 10 knots shifts the
resonant frequency (w,) of the gravity-model errors closer to
the INS Schuler frequency. This results in an increase in the
rms position errors, as indicated in Fig. 5. The error com-
ponents in this case are more nearly equal than in the case of
Fig. 4, because the PSDs of the deflection components in the
vicinity of the undamped INS Schuler frequency are more
nearly equal.

If the gravitational forces are less accurately compensated,
then an increase in navigation errors results. This is illustrated
in Fig. 6 where gravity data from a 15-n.mi. spaced grid are
used to compensate the INS in a land-mobile vehicle travelling
nonstop at 30 knots.

The possible benefits from updating the INS in transit with
odometer-derived speed and zero-sideslip measurements are
considered next. Basically, two velocity-component measure-
ments are utilized here: a forward-velocity measurement de-
rived from the odometer and acting along the longitudinal axis
of the vehicle, and an implied zero-velocity measurement
parallel to the lateral axis of the vehicle. The zero-lateral-
velocity measurement, or zero-sideslip measurement, as it is
more commonly called, has been successfully used by Taylor,
Pasik, and Fish!® for updating an INS on board a land-mobile
vehicle. Of particular interest in that study'® is the fact that
field-test navigation performance results are presented that
show the benefits of this type of measurement. It is important
to recognize that the effectiveness of the in-transit velocity up-
dates depends upon the magnitudes and correlation times of
the errors in both the gravity model and the velocity-update
measurements.

The implementation of the in-transit velocity updates in this
study was accomplished by processing the velocity-component
measurements in an on-board minimum-variance filter, using

Table 3 Gravity-model-error-alone result summary?

rms position errors, ft

ZUPTs Damping Along track Cross track
High-accuracy gravity-model compensation
NP N 130 213
N Y 100 160
Y N 37 55
Y Y 36 54
Modest-accuracy gravity-model compensation
N N 1460 1400
N Y 432 527
Y N 104 202
Y Y 103 196

2Errors are at end of 120-n.mi. trip; average vehicle transit speed of 30 knots;
no inertial-instrument errors. "N=no, Y = yes.
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a 30-s updating interval. The measurement errors for each
velocity component were modeled as the combination of a
time-correlated first-order Markov process along with an un-
correlated random error. An rms value of 1 ft/s was assumed
for the time-correlated error, and an rms value of 1 ft/s for the
uncorrelated error. The relatively large time-correlated error
in the zero-sideslip measurement is intended to account for the
misalignment of the vehicle’s rear axle relative to the IMU.
Land-navigation performance comparisons are given in Figs.
4 and 6 for cases with high-accuracy and modest-accuracy
gravity compensations. '

The key results of the in-transit velocity update study are
given in Fig. 7, where the rms position errors are shown at the
end of a nonstop (no zero velocity updating) trip of 120 n.mi.
at a vehicle transit speed of 30 knots. The errors are presented
here as a function of the rms value of the time-correlated error
in the velocity-update measurements. A correlation time of 3h
is assumed in these data for the time-correlated velocity error.
Two sets of data are shown: one for extremely accurate gravity
compensation (5-n.mi. grid spacings); the other with
moderately accurate compensation (15-n.mi. grid spacings).

The main points to be seen from Fig. 7 are the following.
When the gravity compensation is of modest-accuracy
(15-n.mi. grid spacings), in-transit updating of the INS with
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Fig. 5 Gravity-model errors alone, no ZUPTs high-accuracy com-
pensation, (5-n.mi. grid spacings).
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Fig. 6 Gravity-model errors alone, no ZUPTs, modest-accuracy
compensation (15-n.mi. grid spacings).
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odometer-derived forward velocity and zero-sideslip velocity
is extremely useful, even with velocity-component errors of
the order of 1-2 ft/s (rms values). The undamped-INS along-
track and cross-track rms errors at the end point in this case
are about 1460 and 1400 ft, respectively. With an accurately
compensated gravity field (5-n.mi. grid spacings), on the other
hand, the benefits of the in-transit velocity updates are much
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Fig. 7 Updating the INS with odometer and zero-sideslip data only
on non stop trip of 120 n.mi.
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Fig. 9 Gravity-model errors alone with medium-accuracy compensa-
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smaller, as can be seen from Fig. 7, even with odometer-speed
and zero-sideslip measurement errors greater than 1.0 ft/s.
The undamped-INS along-track and cross-track rms errors at
the end point in this case are 130 and 213 ft, respectively.

In the data of Fig. 7, a 3-h correlation time was assumed for
the in-transit velocity-update errors. The sensitivity of the end-
point position errors to this correlation time is shown in Fig. 8
for an rms velocity-update error of 1 ft/s. For the high-
accuracy gravity compensation (5-n.mi. grid spacings) the
end-point position errors are insensitive to the correlation
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Fig. 12 Gravity-model errors and IMU errors included, modest-
accuracy compensation.
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Fig. 13 Gravity-model errors and IMU errors included, high-
accuracy compensation.

time. With the modest-accuracy compensation (15-n.mi. grid
spacings), the rms end-point position errors. increase
somewhat as the correlation time is decreased.

If the land-mobile vehicle stops periodically for ZUPTs,
then the rms position error growth as a result of gravity-model
errors is significantly reduced. This is shown in Figs. 9 and 10
for cases where the vehicle is traveling at 30 knots, with 3-min
stops for ZUPTs every 30 min. The results of Fig. 9 assume
medium-accuracy gravity compensation (15-n.mi. grid spac-
ings), whereas those of Fig. 10 assume high-accuracy gravity
compensation (5-n.mi. grid spacings). The ZUPTs significant-
ly arrest the growth of INS position errors as a result of
gravity-model errors. It should be noted, however, that since
the ZUPTs depend on correlations for their updating (not
direct measurements), accurate models should be provided in
the on-board filter for all important INS error sources.

It should be recognized that decreasing the period between
ZUPTs, e.g., to 5-10 min or less, will improve navigation-
system performance. In the problem of interest here, however,
the desire to minimize the frequency of ZUPTs is of prime
importance.

In all the studies thus far, an rms random error of 0.01 ft/s
has been assumed for each smoothed ZUPT measurement.
The sensitivity of end-point position errors to the rms value
for the ZUPT noise is examined in Fig. 11. The important
point to be seen is that the sensitivity is small for reductions in
the rms values below 0.01 ft/s. Increasing the rms values from
0.01 to 0.1 ft/s does, however, significantly increase the end-
point rms position errors. It should be noted, however, that no
inertial-instrument errors are included in these data.

A summary of the key results for the studies with gravity-
model errors alone driving the INS is given in Table 3, where
the rms end-point position errors are shown after a 120-n.mi.
trip. The main points from these data are the following. If the
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gravitational forces on the vehicle are very accurately compen-
sated (5-n.mi. grid spacings), then the use of ZUPTs
periodically, e.g., every 30 min, permits extremely small end-
point rms position errors (55 ft or less for each component).
In-transit velocity updating of the INS does not help much in
this case, with the assumed velocity-update errors. If, on the
other hand, the gravitational forces are compensated to only a
modest accuracy (15-n.mi. grid spacings), then the in-transit
velocity updates do provide useful error reductions. If,
however, ZUPTs are taken sufficiently often, e.g., every 30
min, then small end-point rms poisiton errors are obtained in
this case also (200 ft or less for each component). If ZUPTs
are used under the conditions assumed in this study, then in-
transit velocity updating of the INS does not provide a signifi-
cant additional reduction in errors.

Gravity-Model Errors Combined with IMU Errors

The performance of the land-navigation system is examined
here with both the gravity-model errors of Table 1 and the in-
ertial instrument errors of Table 2 driving the inertial naviga-
tion system. ZUPTs are taken at 30-min intervals for a period
of 3 min to contain the growth of navigation errors. In addi-
tion, odometer-derived forward velocity and zero-sideslip
measurements are processed in the navigation filter at 30-s in-
tervals.to update the INS.

The navigation system position errors are shown in Fig. 12
for the case where the gravitational forces are compensated to
a modest accuracy. After the vehicle has travelled 120 n. mi.,
the rms along-track and cross-track position errors are about
208 and 409 ft, respectively. This is significantly smaller than
the 2020- and 2213-ft errors that occurred without zero-
velocity updating or in-transit velocity updating of the INS.

When the INS is compensated to high accuracy for the
gravitational forces on the vehicle, still smaller end-point posi-
tion errors are obtained after a trip of 120 n.mi. The rms posi-
tion errors in this case are shown in Fig. 13. The end-point
position errors in this case after a 3-min period of ZUPTs are
about 160 and 320 ft, respectively, for both the along-track
and cross-track components.

Conclusions

Gravity-model errors can be significant contributors to the
position errors of a land-navigation INS operating over
periods of 2-4 h. If operational requirements limit the fre-
quency of vehicle stops for zero-velocity updates to every 30
min or more, then accurate real-time gravity compensation is
necessary to limit the rms position errors to about 100 ft or
better ver component. A gravity data base with a grid spacing

of the order of 5 n.mi. is implied here. In-transit updatings of '

the INS with odometer-derived forward-speed and zero-
sideslip lateral-speed measurements help INS performance,
but their benefits depend on the magnitude of the velocity-
measurement and gravity-model errors. As the accuracy of the
in-transit velocity updates is improved or the frequency of at-
rest zero-velocity updates is increased, the accuracy require-
ment for real-time gravity compensation of the INS becomes
less severe.

J. GUIDANCE

Acknowledgment

The authors greatly appreciate the assistance prov1ded by
W. Robertson at The Charles Stark Draper Laboratory in the
development of the parameters used to describe the gravity-
model errors in the studies of this paper.

References

1 proceedings of the First International Symposium on Inertial
Technology for Surveying and Geodesy, Ottawa, Canada, Oct. 1977.
2 Proceedings of the Second International Symposium on Inertial
Technology for Surveying and Geodesy, Banff, Canada, June 1981.
3Huddle, J., “Theory and Performance for Position and Gravity

~ Survey with an Inertial System,”” Journal of Guidance, Control, and

Dynamics, Vol. 1, May-June 1978, pp. 183-188.

4Schwarz, K., “Inertial Surveying and Geodesy,”’ Reviews of
Geophysics and Space Physics, Vol. 21, May 1983, pp. 878-890.

SLeondes, C., Guidance and Control of Aerospace Vehicles,
Chapter 4, McGraw-Hill Book Co., New York, 1963.

SHeller, W., “Free-Inertial and Damped-Inertial Navigation
Mechanization Equations,”” TASC, Reading, MA, TR-312-1-1, April
1975.

7Jordan, S., ‘“‘Effects of Geodetic Uncertainties on a. Damped
INS,”” IEEE Transactions on Aerospace and Electronics Systems,
Vol. AES-9, Sept. 1973, pp. 741-752.

8L owrey, J. and Oak, G., “‘Determination of a Residual Gravity
Model and its Effect on Inertlal Navigator Performance,” Pro-
ceedings of the IEEE Position, Location and Navigation Symposium,
Atlantic City, NJ, Dec. 1980, pp. 91-100.

9Britting, K., Inertial Navigation Systems Analysis, Wiley-
Interscience, 1971.

190’Donnell, C., Inertial Navigation Analysis and Design,
McGraw-Hill Book Co:, New York, 1964.

U Gleb, A., Applied Optimal Estimation, MIT Press, Cambridge,
MA, 1974.

12 evine, S. and Gelb, A., ““Effect of Deflections of the Vertical on
the Performance of a Terrestrlal INS,”’ Jaurnal of Spacecraft and
Rockets, Vol. 6, Sept. 1969, pp. 978 984.

13K riegsman, B. and Mahar, K., “‘Anomalous Gravity Estlmatlon
and Long-Term Submarine Navigation Using Gradiometers and an
INS,”” Cambridge, Mass, CSDL Rept R-1204, Aug. 1978.

YJordan, S., ““Self-Consistent Statistical Models for the Gravity
Anomaly, Vertical Deflections, and Undulation of the Geoid,”” Jour-
nal of Geophysical Research, Vol. 77, July 1972, pp. 3360-3370.

5Kasper, J., ““A Second-Order Markov Gravity Anomaly Model,”
Journal of Geophysical Research, Vol. 76, Nov. 1971, pp. 7844-7849.

1$Yarriman, D. and Harrison, J ., ‘A Statistical Analysis of
Gravity-Induced Errors in an Airborne INS,”> AIAA Paper 84-1877,
Aug. 1984, .

17ghaw, L. and Henrickson, P., ‘“Statistical Models for the Vertical
Deflection from Gravity Anomaly Models,”” Journal of Geophysical
Research, Vol. 74, Aug. 1969, pp. 4259-4265.

8Taylor, G., Pasik, D., and Fish, J., “Calibration and Testing of a
High-Quality Strapped Down Inertial Navigation System,’’ 8th Bien-
nial Guidance Test Symposium Proceedings, Holloman Air Force
Base, NM, May 1977.

9Benson, D., ‘A Comparison of Two Approaches to Pure-Inertial
and Doppler-Inertial Error Analyses,”” IEEE Transactions on
Aerospace and Electronics Systems, Vol. AES-11, July 1975, pp.
447-455. .

20Tscherning, C. and Rapp, R., ““Closed Covariance Expressions
for Gravity Anomalies, Geoid Undulations, and Deflections of the
Vertical Implied by Anomaly Degree Variance Models,”” AFCRL-
TR-74-0231, Ohio State University, Dept. of Geodetic Science, Rept
No. 208, Columbus, OH, 1974.



